refers to free part of drop
refers to heavy fluid
refers to bulk interface
refers to light fluid

refers to top draining film

B )
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Some New Results for Chromatographic Kinetics Studies

Chromatographic phenomena have recently enjoyed
wide application in experimental techniques aimed at
transport properties and reaction kinetic data. Motivated
by theoretical studies of Kubin, (1965), Padberg and Smith
(1968), Schneider and Smith (1968), and Suzuki and
Smith (1968a, 1968b) have developed chromatographic
techniques for studies in catalysis and heat transfer (Sa-
gara et al,, 1970). The basic working tools for these meth-
ods are relationships among the system properties and
moments of the response of a packed bed to a pulse
tracer input.

In all previous work these moments have been devel-
oped in detail for a variety of specific models of heat and
mass transfer resistance and chemical reaction. In addi-
tion, an explicit form, usually a square wave, has univer-
sally been assumed for the input pulse. The intention of
this note is to present new derivations of moment-system
property relationships which hold for input pulses of
arbitrary shapes and for general transport and kinetic
models,

By representing interchange of tracer between the
carrier gas and the stationary phase with a transfer func-
tion, the analysis of tracer motion in the carrier gas can
be completed without regard to the details of the inter-
change process. The results thus obtained are therefore
applicable to any type of interchange situation. To com-
plete the analysis for any specific case, then, one need
only compute constants derived from the model of local
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exchange alone. This affords a considerable reduction in
the required algebraic labor. In a conceptual sense, there-
fore, this work bears analogies to the moment-source
theory due to Horn (1971).

Irreversible chemical reaction for both the cases of no
mass transfer resistance and with mass transfer resistance
within the immobile phase pellets will be emploved as
an example to illustrate the local exchange calculation.
This problem, first broached by Stevens and Squires
(1972), has not yet been treated in the literature.

GENERAL DERIVATION OF MOMENT RELATIONSHIPS

The conservation equation for tracer flowing in a packed
tube may be written

D, &% dc dc
—_—t v — — 4 Ac=0 1
o 0z% 9z Ty ot (1)

with boundary and initial conditions

¢(z,0) =0 (2)
c(0,t) = co(t) (3)
lim c¢(z,t) is finite (4)

The term Ac in Equation (1) represents interchange be-
tween the flowing and stationary phases and is best dis-
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cussed in terms of the Laplace transformed equations
which are

D, &% de¢ ~ ~
——a—‘—1§+ua—+ysc+AC_0 (5)
€ (0,5) = cols) (6)
lim Z(z,s) is finite (7)

As will be illustrated later with an example, the trans-

formed exchange rate A ¢ may be expressed as

AZ:H(S): (8)

for all linear models of transport co the stationary phase
and reaction or adsorption within the stationary phase.
Naturally the form of the transfer function H(s) will de-
pend on the physical situation under consideration. It is,
however, most efficient to complete derivation of the mo-
ments without reference to a particular case.

Solving Equation (5) subject to conditions (6) through
(8) yields

A(s)z

¢ (5,5) = aals)e ™ (9)
where
I — 1L+ aa(ys+ H(s)]
= 10
A(s) A (10)
and
D,
A=— (11)
ab
The moments of the tracer response, defined as
ma(z) = j;w tn c(z, t)dt (12)

may now be computed from Equation (9) using the well-
known formula

dn (2,
ma(z) = (= 1)* lim drozs) (13)
§>0 dS"
The results for the first three moments are
mo(z) = my(0)eo#? (14)

mi(z) = [ml(o) - mo(O)ho’vi] ghoz/v  (15)

my(2) ={ m3(0) = 2m3(0) = A + mo(0)

Deze (e 2]} oo

where
1—-+/1+4+ 4AH,
A= (17)
A
— (N 1+ H{
xo'=——(—i__;) (18)
V1 + 4AH,
and
— HY 2A(y + HY)?
7 — 0 " (v + Hy) (19)

¢ T TT44d,

In all of the above expressions a prime on X or H indicates
differentiation with respect to s while a subscript zero on
these quantities denotes evaluation at s = 0.

(1 + 4AH,)32
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Much simpler expressions are obtained for the absolute
moments, detined as
my,(z)

' (2) = ——~ (20)

mo(z)

as well as the second central moment
pe(2) = po'(2) — w12(z) (21)

These equations combined with the m, moments given
above reveal that

' (2) — py’(0) = — )\o’% (22)

pa(z) — pa(0) = w% (23)

All of the equations just presented are valid for an arbi-
trary input function and for arbitrary interchange models.
They can be used to relate experimentally determined mo-
ments to the system parameters which appear in A, H,,
Hy, and Hy"”. In the following section the case of an ir-
reversible chemical reaction will be considered.

LOCAL EXCHANGE CALCULATIONS FOR AN
IRREVERSIBLE CHEMICAL REACTION

Suppose that the irreversible reaction
A—B

occurs at the surface of the stationary phase and the rate
of reaction per unit volume of stationary phase is kc, where
¢ is the concentration of A. It is instructive to consider first
the simplest mass transport situation where there is no
resistance to mass transter, that is, the A concentration is
¢ at all points of the stationary phase surface at a particu-
lar axial position. Then the capacity term y and the inter-
change term Ac are given by

11—
y=14 422, (24)
and
1 —q
Ac =

ke (25)

o

respectively, For this simple case the transfer function
H (s) is the constant

%:H(s)z(l_“)k (26)
C 4%
so that
Ho= 12" (27)
@
and
Hy = Hy =0 (28)

Next a more realistic mass transfer situation will be con-
sidered which incorporates diffusion and reaction within
the spherical pellets. In this instance the transfer term is

1—.
Ac:-f-s-D( %) —a-gi-

—_— 29
R a or (29)

r=R

where ¢; is the reactant concentration within the pellets.
Here y = 1. The necessary transfer function representing
interchange between the flowing and stationary phases
may be derived by solving the unsteady mass balance for
reactant within the pellets:

20, . . .
2[60‘ ifﬁ]_ffi__kcl =0 (30)

B L or? r or ot B
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subject to the conditions

% 0 at r=0 (31)

ar

cc=c at r=R (32)
and

=0 at t=0 (33)

The Laplace transform of the solution to this problem is

~ ~Rsinh (r/K(s))

%= ok (RVRGT) (84)
where
_B k .

Utilizing Equation (34) in Equation (29) reveals that
tor this problem

H@):%%D(l—a)

o
[RV/K(s) coth (R\VK(s}) — 1] (86)
so that
3 l—«
Hoz—f— ( > [h(] coth ho_‘ l] (87)
R2 a
1 sinh(2he) — h
H'—3B(l_“)2 o (38)
* Ty a hg sinh2 hg
and
R2 B
HY =———v-ou--ou— Hy— —H{ 39
O T oDksinh® (ho) . 2% (39)

The parameter ho in the above expressions is the familiar

Thiele modulus:
k-

Evaluation of the constants Ho, Hy, and Hy” completes
the determination of moments for this relatively complex
model. To determine the moments, one need only substi-
tute these expressions into the general formulae presented
in the previous section.

As a check on the results for the example, the limiting
behavior for hy approaching zero has been determined. In
this limit, the model with intraparticle resistance should

give the same relationships as the no resistance model.

Since (1)
he®  h¢t
hocothhg ~1=-— ——+4 ..., 41
o coth kg 3 45+ (41)

it follows that

hm H 0
hoe>0

1

1 —
intraparticle = ( i ) a=H, 'no (42)

resistance o resistance
model model

It can likewise be shown that

lim Hy” =0 (43)
ho—>0
intraparticle
resistance
model
and
lim [y + Hy'] =1+ lm Hy
ho—>0 ho->0
intraparticle intraparticle
resistance resistance
model model
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1 —

)=ty + Hol (44)

no resistance
model

=1+B(

It is interesting that in the final comparison, the limiting
value of Hy' has the effect of modifying the capacity term
so that it is the same as the capacity term for the model
devoid of mass transfer resistance. Thus, in the limiting
case of zero Thiele modulus, the moments for the resistance
model reduce correctly to those for the simpler situation.

NOTATION

A defined in Equation (11)
c tracer concentration in the flowing phase

~

c
Ci

Laplace transform of ¢

tracer concentration within the pores of the sta-
tionary phase

concentration of tracer in the feed

axial dispersion coefficient

effective diffusivity

reaction rate constant

local exchange transfer function

Thiele modulus

nth moment of tracer response

radial coordinate within an immobile phase pellet
radius of immobile phase pellet

Laplace transform parameter

time

axial flow velocity

axial position

()]

3
3
1T | I Y o T | O VO VR T R T

Greek Letters
interstitial void fraction

o =
B = intraparticle void fraction
Y = capacity ratio =
fluid volume at bulk fluid concentration
interstitial volume
A = function defined in Equation (10)
wn = nth absolute moment
p’ = nth central moment
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